When C is a ball in R d and S is the sphere ∂C, we say that S supports a convex body B if S intersects B and either B ⊆ C (then S is a far support) or the interior of C is disjoint from B (then S is a near support). The focus here is on common supports for a system B of d + 1 bodies in R d such that for each way of selecting a point from each member of B, the selected points are affinely independent and hence form the vertex-set of a d-simplex. The main result asserts that if (B , B ) is an arbitrary partition of B, then there exists a unique Euclidean sphere that is simultaneously a near support for each member of B and a far support for each member of B .
Introduction
In all that follows, R d denotes a real vector space of finite dimension d. A body is a nonempty compact convex subset of R d , and a proper body is one that is d-dimensional and hence has nonempty interior. We assume that a proper body C with 0 ∈ int(C) is given, and we denote by · the norm that is the gauge function of C; thus C = {x: x ≤ 1}. This norm is such that x + y ≤ x + y and λx = λ x for all x, y ∈ R d and λ > 0. However, the equality x = − x need not hold, for it is not assumed that C = −C.
A homothet of a set X ⊆ R d is a set of the form t + λX for some t ∈ R d and λ > 0.
We use the term ball to denote a homothet of the unit ball C and the term sphere to denote a homothet of the unit sphere S = {x: x = 1}. Thus balls and spheres are sets of the forms c + r C = {x: x − c ≤ r} and c + r S = {x: x − c = r}, respectively, where c ∈ R d and r > 0. The point c and the number r are respectively the center and the radius of the ball and sphere. We are especially concerned with the situation in which spheres are Euclidean, meaning that C is the usual Euclidean ball centered at the origin. When this is assumed, the ambient space is denoted by E d rather than R d . When C is a ball c + r C and S is the sphere c + r S, we say that S supports a body B if S ∩ B = ∅ and either B ⊆ C (then S is a far support) or B ∩ int(C) = ∅ (then S is a near support). These terms are motivated by the fact that S is a near (resp. far) support for B if and only if the intersection S ∩ B consists of all points of B that are nearest to (resp. farthest from) the point c with respect to the norm · . (The points b of B that are nearest to c are those for which b − c is a minimum, and the points that are farthest from c are those for which b − c is a maximum.)
We are concerned with a system (finite collection) B of bodies in R d and with the spheres that are common supports for all the bodies in the system. When (B , B ) is a partition of a system B, we call a sphere S a B -near B -far support for B provided that S is a near support for each member of B and a far support for each member of B . When the members of B are indexed, this terminology is applied in the obvious way to partitions of the index-set.
We focus on systems B that are sundered, meaning that the members of the system are pairwise disjoint and, for each way of choosing a point from d + 1 or fewer members of B, the chosen points form the vertex-set of a simplex. (This is the same as being (d − 1)-separated in the sense of [GPW] ). Here is our main result: Theorem 2.6. If spheres are Euclidean, then for each sundered system B = (B 0 , . . . , B d ) of d + 1 bodies in E d and each partition (I, J ) of the index set, there is a unique I -near J -far supporting sphere for B.
This theorem was inspired in part by the classical problem of Apollonius, which was concerned with constructing all supporting circles for a system of three circular disks in the plane. (For discussions of the problem of Apollonius, see [BM] and [CR] . See [BFW] and [PW] for recent studies of relatives and higher-dimensional analogues of this problem.) Our second inspiration was a recent theorem concerning common supporting hyperplanes for a sundered system of d bodies. (That theorem was first stated by Bisztriczky [Bi] , and first completely proved by Cappell et al. [CGP + ] as part of a deeper and broader study. A simpler proof was given by the present authors [LVK] .) In the present paper we have d + 1 bodies and the supporting manifolds are spheres rather than hyperplanes. After the present paper was submitted, V. Soltan called our attention to a paper by Kramer and Németh [KN] in which the Brouwer fixed-point theorem is used to prove the special case of Theorem 2.6 in which I = {0, . . . , d}, so that only near supports are involved.
Section 1 is devoted to a basic result (Theorem 1.1) whose proof is based on the Brouwer fixed-point theorem. This result guarantees the existence of supporting spheres for certain systems of d + 1 bodies when the spheres are strictly convex. The assumption of strict convexity is removed in Corollary 1.4 by using stronger fixed-point theorems. In Section 2 special properties of Euclidean spheres are used to derive Theorem 2.6 from Theorem 1.1. Section 3 discusses the difficulties that arise in dealing with more general spheres when d ≥ 3, and shows that when d = 2, Theorem 2.6 remains valid as long as spheres are smooth and strictly convex.
A Basic Theorem on Common Supporting Spheres
A proper body (or the boundary of such a body) is strictly convex if the boundary does not contain any line segment. Of course, Euclidean balls and spheres have this property. Much that follows depends on the following basic result. Theorem 1.1. Suppose that the balls in R d are strictly convex, that (B 0 , . . . , B d ) is a system of d + 1 pairwise disjoint bodies in R d , and that, for each way of choosing a point from each B k , there is a unique sphere that contains all the chosen points. Suppose that (I, J ) is a partition of {0, . . . , d}, and that for each j ∈ J the body B j is either a ball or a singleton. Then there is a sphere S that is an I -near J -far support for the system (B 0 , . . . , B d ). Now we assume temporarily that the norm is strictly convex, and we define a singlevalued mapping
Proof. For each point
where, for each i ∈ I , p i is the unique point q ∈ B i for which the distance q − w is a minimum, and, for each j ∈ J , p j is the unique point q ∈ B j for which the distance q − w is a maximum. (Uniqueness of q follows from strict convexity of the norm.)
The continuity of the mapping σ (I,J ) follows from a routine argument using the compactness of the sets B k , the uniqueness conditions, and the continuity properties of the norm. Hence the composed mapping
is continuous. Since B is a compact convex set, Brouwer's fixed-point theorem implies the existence of a point b ∈ B such that b = σ (I,J ) (γ (b)). However, it is then evident that the sphere S(b) is the desired I -near J -far support for the system (B 0 , . . . , B d ).
That completes the proof.
The reader who is interested only in support by Euclidean spheres may skip the rest of this section, which shows that Theorem 1.1 is valid even when balls are not strictly convex. First, we need two lemmas.
However, then the collinear points 0, p, and µp all
Then δ = 1 + − w , y ∈ Y , and the set Y is compact and starshaped from y. If the norm · is strictly convex, then Y = {y}.
Proof. For each x ∈ C we have
It follows from this that δ = 1 + − w and y ∈ Y . That Y is compact follows from a routine argument based on continuity of the norm. To see that Y is starshaped from y, apply Lemma 1.2 with B = C − y, after verifying that
Corollary 1.4. Theorem 1.1 is valid without the assumption of strict convexity.
Proof. We need a more general fixed-point theorem because the function σ (I,J ) may no longer be single-valued. However, it is easy to verify that σ (I,J ) is an upper-semicontinuous set-valued function, so the same is true of the composed mapping
where 2 B denotes the space of all nonempty compact subsets of B. For each w ∈ γ (B), the point p i defined earlier now becomes a compact convex subset P i of the body B i , and the point p j becomes a starshaped (and hence contractible) compact subset P j of the body B j . (To verify starshapedness, use Lemma 1.3.) The set σ (I,J ) (w) is the product of the P i 's and the P j 's and is therefore a compact contractible subset of the product B. It now follows from the fixed-point theorems of Eilenberg and Montgomery [EM] and Begle [Be] 
is always convex and we could instead use the more elementary fixed-point theorem of Kakutani [K] .) As before, the sphere S(b) is the desired common support.
Now we want to find geometrically interesting circumstances under which the conditions of Theorem 1.1 are satisfied, we want to deal with systems of arbitrary bodies rather than requiring that some of the bodies are singletons or balls, and we want to address the uniqueness of the I -near J -far support. We are able in Section 2 to achieve all of these goals for the case in which spheres are Euclidean, and in Section 3 for the case in which d = 2 and spheres are smooth and strictly convex.
Euclidean Spheres Supporting Sundered Systems of d+1 Bodies
The basic assumption in Theorem 1.1 is that for each way of choosing a point from each of the sets B 0 , . . . , B d , there is a unique sphere containing the chosen points. As is evident from the following remark, this condition is satisfied when spheres are Euclidean and the system (B 0 , . . . , B d ) is sundered.
Lemma 2.1. For each affinely independent set V of d +1 points in E d , there is a unique Euclidean sphere that contains V .
Proof. Let V = {v 0 , . . . , v d }, and assume without loss of generality that v 0 = 0. Note that a point c is the center of a sphere containing V if and only
We have not yet addressed the uniqueness of the I -near J -far supporting sphere for a given (I, J). That is done in the following two results about arbitrary bodies. Proof. When C ⊂ D, it is clear from the "distinct" and the "support" hypotheses that C has smaller radius but C is not contained in int(D). Hence W consists of a single point, and that point belongs to B since both S and T intersect B. The same argument applies when D ⊂ C, so for the rest of this proof we may assume that neither ball contains the other.
Each hyperplane H that separates S and T must be intersected by B, for B is convex and intersects both S and T . If there is such an H , and S and T are both far supports of B, it follows (using the convexity of B and the strict convexity of Euclidean balls) that the sets S ∩ B, T ∩ B, and B are all equal to the same singleton, whence S and T are also near supports of B. That disposes of (b).
There remains the case in which the sets int(C) and int(D) intersect but neither is contained in the other. Then (using a basic property of Euclidean balls) W is contained in a hyperplane H . With H + and H − denoting the two open half-spaces bounded by H , the notation may be chosen so that D ∩ H + ⊂ C and C ∩ H − ⊂ D. Note that if points x and y of B are near support points for S and T , respectively, then x lies in H + and y lies in H − . The reason is that if (for example) x were not in H + , it would have to be in int(D), which implies that y could not be a near support point for T . Thus Suppose first that the situation (a) arises for k = m, with (say) C ⊂ D, and note that then C\W ⊂ int(D). Consider an arbitrary index n = m. Since the bodies B k are pairwise disjoint, B n misses W . However, then S must miss B n if T is a near support of B n , and T must miss B n if S is a far support of B n . This shows that (a) cannot occur for any B k , so (b) and (c) are the only possibilities.
For each index k, let the points a k and b k belong to B k ∩ S and B k ∩ T , respectively. If condition (b) or condition (c) is satisfied and the hyperplane H is as described there, then H intersects the segment [a k , b k ] and hence (by convexity) intersects each set B k . However, this contradicts the assumption that the system B is sundered. , that (B 0 , . . . , B d ) is a sundered system of d + 1 bodies in E d , that (I, J ) is a partition of {0, . . . , d}, and that for each j ∈ J the body B j is either a ball or a singleton. Then there is a unique sphere S that is an I -near J -far support for the system (B 0 , . . . , B d ).
Corollary 2.4. Suppose that spheres are Euclidean
Proof. Use Lemma 2.1 and Theorem 2.3 in conjunction with Theorem 1.1.
To complete the discussion of common supports for sundered systems of d + 1 bodies when spheres are Euclidean, we want to permit all the bodies in Corollary 2.4 to be arbitrary, rather than insisting that some of them are balls or singletons. The proof that this is possible will be based on an induction involving the assertions A(d, f ) and A 0 (d, f ), where these are defined as follows for 0 ≤ f ≤ d + 1:
A(d, f ) is the assertion that whenever B = (B 0 , . . . , B d ) is a sundered system of d + 1 bodies in E d and (I, J ) is a partition of the index-set with |J | = f , there exists an I -near J -far supporting sphere for B. A 0 (d, f ) is the restriction of A(d, f ) to the case in which at least one member of B is a singleton.
Note that by Corollary 2 .4, A(d, 0) holds for all d.
Proof . Suppose that B = (B 0 , . . . , B d ) is a sundered system of d + 1 bodies in E d , and (I, J ) is a partition of {0, . . . , d} with |J | = f . Let E d be embedded in the usual way in E d+1 and consider the system B = (B 0 , . . . , B d 
contains an I -near J -far supporting sphere S for the system B . However, then the sphere S ∩ E d is an I -near J -far supporting sphere for the system B.
The following is the main result of this paper. Proof. It suffices to establish the existence of an I -near J -far supporting sphere, for uniqueness then follows from Theorem 2.3. In view of Lemma 2.5, it suffices to prove, for each d, that A 0 (d, f ) holds for all relevant f . The assertion A 0 (d, 0) has already been proved. Supposing that 0 < f ≤ d + 1 and that A 0 (d, f − 1) is known to hold, we want to prove A 0 (d, f ). In taking this inductive step, we assume the notation chosen so that B 0 is the singleton {0}, I = {0, . . . , d − f }, and J = {d − f + 1, . . . , d}.
Let I +d = I ∪ {d} and J −d = J \{d}. By a theorem of Bisztriczky [Bi] and others [CGP + ], [LVK] , the sundered system (B 0 , . . . , B d−1 ) admits exactly two (I, J −d )supporting hyperplanes H and P. We assume that the intersection H ∩ P is a (d − 2)-flat G, for in the remaining case H and P are parallel and a similar argument is applicable.
The complement of H ∪ P has four open components and these are symmetric in pairs with respect to the flat G. In one of these pairs, neither of the components intersects the union k<d B k . In the other pair, the closure of one component contains i∈I B i and the closure of the other component contains j∈J −d B j . Letting H + and H − denote the two open half-spaces bounded by H and letting P + and P − denote the two open half-spaces bounded by P, we may assume the notation chosen so that i∈I B i ⊂ cl(H − ∩ P + ) and
From the fact that the family {B 0 , . . . , B d } is sundered and B d is convex, it follows that the set B d is contained in the intersection H + ∩ P + or in the intersection H − ∩ P − . We assume without loss of generality that B d ⊂ H + ∩ P + .
Since B 0 = {0}, every transversal hyperplane of the system (B 0 , . . . , B d−1 ) passes through the origin. From this it follows that the union Y of all such hyperplanes is starshaped from 0, and hence that each component of E d \Y is an open connected union of open rays issuing from 0.
Choose an arbitrary point q of B d . For each τ ≥ 1, the inductive hypothesis guarantees the existence of a unique ball C(τ ) such that the sphere S(τ ) = ∂C(τ ) is an I +d -near J −dfar support of the system (B 0 , . . . , B d−1 , {τq}) . (Since {τ q} is merely a singleton, S(τ ) is also an I -near J -far support of this system.) A routine argument based on uniqueness and compactness establishes the continuity (with respect to the Hausdorff-metric for the images) of the set-valued mapping that sends τ ≥ 1 into the ball C(τ ). We show in the next paragraph that, for some sufficiently large τ , B d ⊆ C(τ ). It then follows from the continuity of C(·) that there is a smallest τ 0 ≥ 1 such that B d ⊆ C(τ 0 ), and the sphere S(τ 0 ) = ∂C(τ 0 ) is then the desired I -near J -far supporting sphere for the original system (B 0 , . . . , B d ). Again, the uniqueness follows from Theorem 2.3.
For each positive integer m and for 0 ≤ k < d, let b m k be a point of the intersection S(m) ∩ B k . Since the system (B 0 , . . . , B d−1 ) is sundered, the set {b m 0 , . . . , b m d−1 } determines a hyperplane H (m) and there is a unique point a(m) of H (m) that is equidistant from all the points b m 0 , . . . , b m d−1 . The center c(m) of S(m) lies on the line that passes through a(m) and is orthogonal to H (m). Note also that c(m) → ∞ as m → ∞, for both the origin and the point mq belong to S(m) . Let
By compactness, there is a sequence m 1 < m 2 < · · · , such that the sequence u(m 1 ), u(m 2 ), . . . , converges to a point u of unit norm, and, for each k, the sequence b m 1 k , b m 2 k , . . . , converges to a point b k ∈ B k . (Note that b 0 = 0.) In conjunction with the smoothness of Euclidean balls, this guarantees that the sequence C(m 1 ), C(m 2 ), . . . , converges to a closed half-space H whose bounding hyperplane passes through the origin and has u as inner normal. (This convergence is in the sequential set-theoretic sense described in [W] .) Since B d is compact and is interior to H , it follows that B d ⊆ C(m t ) for large enough t. That completes the proof.
Corollary 2.7. If {B 0 , . . . , B d } is a sundered family of d + 1 bodies in E d , the number of common supporting spheres is precisely 2 m , where m is the number of bodies that are not singletons.
Proof. Use the fact that if a body B is not a singleton, no Euclidean sphere can be simultaneously a near support and a far support for B.
The following result might be called a "near-converse" of Theorem 2.6. Theorem 2.8. Suppose that B = (B 0 , . . . , B d ) is a system of d + 1 bodies in E d , and that for each partition (I, J ) of {0, . . . , d} there exists a sphere that is an I -near J -far support for B. Suppose also that no member of B is a singleton. Then no hyperplane intersects the relative interior of each member of B.
Proof. Suppose that the conclusion fails, and let P be a hyperplane which for each k intersects the relative interior rint(B k ). For each k, choose b k ∈ P ∩ rint(B k ). It follows from a lemma of Radon [R] that there is a partition (I, J ) of {0, . . . , d} such that
By hypothesis, there exists a sphere S that is an I -near J -far supporting sphere for B, and there exists a sphere T that is an I -far J -near support for B. Since at least one member of B is not a singleton, S and T cannot coincide. In fact, the intersection S ∩ T must be a (d − 2)-sphere W that lies in a hyperplane H . Let C and D denote the balls that are bounded by S and T , respectively. Then
whence i∈I int(B i ) lies in one of the two closed half-spaces bounded by H and j∈J B j lies in the other such closed half-space. Note also that
and that W does not contain any segment. Since no B k is a singleton and since always b ∈ rint(B k ), it follows that the sets {b i : i ∈ I } and {b j : j ∈ J } lie in the opposite open half-spaces bounded by H , contradicting the fact that their convex hulls intersect.
Non-Euclidean Supporting Spheres
Now we abandon the assumption that spheres are Euclidean, thus reverting to the situation in Section 1.
A proper body C (or its boundary ∂C) is smooth if there is a unique supporting hyperplane at each boundary point. It was proved by Kalisch and Straus [KS] and by Gromov [Gr] that if C is smooth and T is a d-simplex, then some positive homothet of T is inscribed in ∂C; Gromov stated also that this property characterizes smoothness. Since inscribing T in some homothet of ∂C is equivalent to inscribing some homothet of T in ∂C, we may state the following:
Theorem 3.1 [KS] , [Gr] . A proper body C in R d is smooth if and only if each d-simplex in R d is inscribed in some positive homothet of C's boundary.
Recall that our basic Theorem 1.1 on common supports used not only the existence but also the uniqueness of the sphere containing the vertex-set of a given d-simplex. Although Theorem 3.1 takes care of the existence whenever spheres are smooth, the following striking result of Shaǐdenko [S] and Goodey [Go] shows that uniqueness does not apply when d ≥ 3 and the spheres are not Euclidean.
Theorem 3.2 [S] , [Go] . Suppose that d ≥ 3, and K and K are proper convex bodies in R d such that the intersection of K with any translate of K is contained in a hyperplane. Then K and K are homothetic ellipsoids. Theorem 3.2 implies that when d ≥ 3 and the unit sphere S is not an ellipsoid, there is a translate S of S such that S ∩ S is not contained in any hyperplane. However, then S ∩ S contains the vertex-set V of some d-simplex, and S itself contains two translates of V .
The facts are kinder when d = 2, as was noted (in different language) by Kalisch and Straus [KS] :
Theorem 3.3 [KS] . When d = 2, the following two conditions on spheres are equivalent:
(a) Spheres are strictly convex. (b) Each triangle admits at most one circumscribing sphere.
Proof. The following condition is equivalent to (b):
(c) For each triangle T, at most one positive homothet of T is inscribed in the unit sphere S.
Hence it suffices to show that (a) and (c) are equivalent. In doing this, we use pq to denote the Euclidean distance between points p and q and we use [ p, q, r ] to denote the triangle having vertices p, q, and r .
Suppose that S contains a segment [v, z] , let the points v, w, x, y, z be equally spaced along [v, z] (i.e., vw = wx = x y = yz), and let w and y denote the points of S such that the segments [w, w ] and [y, y ] are both perpendicular to [v, z] . We assume without loss of generality that ww ≤ yy . Then there are points v ∈ [v, w] and x ∈ [w, x] such that v w = wx and v x /ww = xz/yy . The isosceles triangles [v , w , x ] and [x, y , z] are homothetic and both are inscribed in S.
To show that (a) implies (c), we assume that S is strictly convex and yet there are two distinct homothetic triangles inscribed in S. Let the triangles be [a, b, c] and [a , b , c ], with homothety center e. (If the triangles are translates, a similar argument applies). No two sides can be collinear, so we may assume that the ray [e, b] lies between the rays [e, a] and [e, c]. However, then either b is interior to [a, c, b ] , or b is interior to [a , c , b] .
Theorem 3.4. Suppose that d = 2 and spheres are smooth. Let B be a sundered system (B 0 , B 1 , B 2 ) of three bodies in R d , and let (I, J ) be a partition of {0, 1, 2}. Then there exists an I -near J -far supporting sphere for B. When spheres are strictly convex as well as smooth, this I -near J -far supporting sphere is unique.
Proof. To deal with spheres that are both smooth and strictly convex, use Theorems 1.1, 3.1, and 3.3. Then pass by approximation to the case in which spheres are merely smooth.
